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locally supersymmetric non-linear sigma model. We generalize this procedure to 5D gauged 
supergravity, and identify the corresponding gauging in 3D. We pay particular attention 
to the case where the Killing spinor is non constant along the fibration, which results, even 
for ungauged supergravity in 5D, in an additional gauging in 3D, without introducing any 
5^ \ extra potential. We further study SU{2) x U{1) symmetric solutions, which correspond 

to geodesic motion on the sigma model (with potential in the gauged case). We identify 
and study the algebra of BPS constraints relevant for the Breckenridge-Myers-Peet-Vafa 
black hole, the Gutowski-Reall black hole and several other BPS solutions, and obtain the 
corresponding radial wave functions in the semi-classical approximation. 
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1. Introduction 

While mostly of theoretical interest, BPS solutions of 5D gravity and supergravity have 
been the subject of intense studies recently, partly due to their unexpected variety (see e.g. 
[1] for a recent review), to the relative simplicity of their microscopic dynamics [2, 3], to 
their relation to 4D BPS black holes via the 4D/5D lift [4, 5], and, in the case of gauged 
supergravity, to their relevance for the dynamics of four-dimensional gauge theories via the 
AdS/CFT correspondance. The purpose of this work is to develop algebraic techniques for 
constructing 5D BPS black hole solutions, generalizing existing methods which have been 
successfully applied to 4D black holes. 

An important motivation for our study is the supersymmetric AdS^ black hole solution 
found by Gutowski and Reall (GR) [6, 7], which has remained particularly mysterious: for 
example, the solution exhibits a certain relation between the angular momentum and the 
electric charges, which is not implied by the N = 4 superconformal algebra on the boundary. 
This restriction remains in generalizations involving two different angular momenta [8, 
9]. This situation is in contrast with the asymptotically flat 5D space-time, where BPS 
solutions exist for arbitrary values of the angular momenta and charges within certain 
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bounds. It is an open problem whether more general AdS^ solutions exist where the above 
restriction is relaxed (see [10, 11] for recent progress on this issue). 

Moreover, no microscopic counting of the entropy of the Gutowski-Reall black hole from 
the dual N = 4 SYM theory is available to date. While 1/8-BPS (or more) supersymmetric 
states can be counted on the gauge theory side at weak coupling using a suitable index [12], 
1/16-BPS states in general pair up due to the interactions, and the resulting (order N) index 
is much smaller than the (order N'^) entropy of a large GR black hole. Understanding this 
problem in more detail would be a useful step in bridging the gap between our remarkable 
control over black holes with high SUSY, and our qualitative understanding, at best, of 
non-supersymmetric black holes. 

A heuristic model identifying a class of fcrmionic operators in the gauge theory which 
reproduces some of the scaling properties of the GR (^4^55) black hole was put forward in 
[13]. For 1/16-BPS black holes in AdS4 [14, 15], the same model suggests that the entropy 
counts iV3/2 de grees of freedom. This may provide a supersymmetric setting to study the 
long-standing problem of counting the entropy of 2-1-1 dimensional strongly coupled fixed 
points. 

In the flat foiir-dimcnsional case, the integrable structure of stationary solutions ex- 
posed by the dimensional reduction to three dimensions proved very useful in mapping 
the phase diagram of black holes. In this paper we generalize this algebraic description to 
stationary solutions of five-dimensional = 1 supergravity with an additional U{1) sym- 
metry. Thus, we assume two commuting Killing vectors dt and d^p, time-like and space-like, 
respectively. The description in three dimensions is given in terms of a non-linear sigma 
model on (an analytic continuation of) a quaternionic-Kahler manifold M3, coupled to 
Euclidean gravity in three dimensions. 

For explicitness, we focus for the most part on minimal supergravity in 5D, which leads 
to a non-linear sigma model on Gs/K^ = G2{2)/ SO{4) (see [16, 17] for early discussions of 
this model, and [18, 19] for an independent study of its application to 5D black holes in 
ungauged supergravity) . The same sigma model (up to analytic continuation) has appeared 
in the study of 4D black holes [20], and is in fact related to the present one by a flip of 
the t and ijj directions, corresponding to a Weyl reflection in a 5/(2) subgroup of G3. The 
quaternionic geometry of G2{2)/ S0{4) was studied in great detail in [21], whose notations 
we follow. 

A crucial difference with the dimensional reduction of 4D BPS black holes [23, 24, 25, 
26] is the fact that covariantly constant spinors in 5D are in general not constant along the 
orbit of the space- like Killing vector d^. As a result, the 3D sigma model including the 
fermions is gauged, even when the 5D supergravity is ungauged. This gauging does not 
affect the bosonic part of the action, however. When the 5D supergravity is gauged, an 
additional potential is generated in the 3D sigma model. We identify the correct gauging 
in the general framework for 3D gauged supergravities laid out in [27, 28] . 

When a further SU{2) symmetry is present, the model may be further reduced to one 
dimension, where it reduces to geodesic motion of a fictitious particle on a real cone over 
A^3. The gauging in 5D introduces a potential, which spoils the integrability of the model 
in general. Some of the algebraic structure however does carry over, and determines the 
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structure of the BPS constraints. 

As a by-product of this analysis, we obtain the semi-classical form of the radial wave 
function for 5D BPS black holes, i.e. the solution to the BPS constraints in Hamilton-Jacobi 
formalism. 

The outline of the paper is as follows. In Section 2 we discuss the dimensional reduction 

of 5D M = 1 supergravity down to 4, 3 and 1 dimensions. We identify the gauging of the 3D 
sigma model coming from the dependence of the Killing spinor along the direction ^, and 
from the gauging in 5 dimensions. In Section 3 we specialize to stationary solutions with 
U (1) X SU{2) isometrics in minimal supergravity in 5D. We identify the algebraic structure 
of the supersymmetry constraints appropriate to the BMPV, Taub-NUT, Godel, Eguchi- 
Hanson and Gutowski-Reall black holes, respectively, and compute their respective Noether 
charges and radial wave functions. Section 4 contains a brief summary and discussion. A 
particular class of solutions with nilpotent Noether charges of degree 2 is presented in 
Appendix A. 

2. 5D Black holes and non-linecir sigma models 

We consider A^=l, D = 4 + l supergravity coupled to n abelian vector multiplets. The 
bosonic part of the Lagrangian is given by 

e-^A = -\r - \gijFI,,F>^^J - \g^,d,^'d^^ + ^^e^^P'^^CuKFl^F^^A^ (2.1) 
The scalars ip^ take value in the moduli space A^5, given by the cubic hypersurface 

h{h) = ^CijKh'h^h'^ = 1 (2.2) 

where Cjjk are constants. The metric for the kinetic terms of the scalars tp^ and the gauge 
fields are given by 

9ij = Gijd^ih^d^jk^ , Gij = -^d^idhj loghih) , (2.3) 

evaluated on the hypersurface (2.2). For simplicity, we restrict to the case where the moduli 
space is a symmetric space, so that [29] 

CijkCji(^lmCpq)k'S'^'^ = -^5i{lCmnp) (2-4) 

In this case Iz{h) is the norm form of a Jordan algebra J of degree 3 [30], M.^ = G5/K5 = 
Stro(J)/Aut(J) where Stro(J) and Aut(J) are the reduced structure group and automor- 
phism groups of J, and 

CUK ^ s'''5'''5'''''Cpj,K' . (2.5) 
It is useful to define the "adjoint map" 

h\ = \cijKh^h'' , (2.6) 
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which satisfies 

= Ic^'^'h^A (2.7) 

In cases where the moduh space is not symmetric, the reduction procedure that we shall 
describe below still applies, however the resulting moduli space in three dimensions is no 
longer symmetric. 

In the absence of hyper multiplets, it is possible to include a Fayet-Iliopoulos term for 
a linear combination = VjAj^ of the n gauge fields {Vj are numerical constants). The 
Lagrangian becomes e~''^>C5;gauged = e~^^5 + V5, where the potential is given by [30, 31] 

V5 = g^ViVj (dh^h^ - ^g'^dydjh'^^ = 27&^^ViVjhK (2.8) 

The potential admits an AdSf, vacuum provided Vi lies inside the cone hiV) > 0. 
2.1 Stationary solutions 

Assuming the existence of a time-like Killing vector, the five-dimensional metric and gauge 
fields can be taken in the form 

dsl = -f{dt + U4)'^ + f-^dsl, Al = (f)^ {dt + U4) + Ai (2.9) 

where /, (p^ and are independent of time, and A\,uj4 are one-forms on the four- 
dimensional Euclidean slice. The equations of motion for this ansatz are most easily 
obtained by reducing the Lagrangian along the time direction. This leads to M = 2 
supergravity in I? = 4 Euclidean dimensions, coupled to n + 1 vector multiplets. The 
reduced Lagrangian £4 is determined in the usual way by the holomorphic prepotential 

F = -CijkX^X-'X^ /X^ (2.10) 
6 

In constrast to the usual Kaluza-Klein reduction along a space-like direction, studied for 
example in [32], the special coordinates = X^ /X^ and = X^ jX^ are independent 
real variables, 

= ^ = <p' +Tjh' , z' = <p'-Ifh' (2.11) 

where = —1,1= —I is a "para-complex" structure [33]. As a result, the vector moduli 
space A^l has split signature (n -|- l,n + 1). In the following, we will perform an analytic 
continuation cj)^ icf)^ , which allows us to work with the standard complex structure 
I = i, albeit with a purely imaginary (j)^ . Similarly, we shall continue 004 — > iu4, so that 
= (^4,741) = (0^4, ^41) and their magnetic duals transform as a vector of Sp{2n + 2). 
For later reference, we note that the Kahler potential is given by 

X = -log/3(^'-^') = -3 1og/ (2.12) 

When /3 is the norm form of a Jordan algebra J, the vector multiplet moduli space is a 
symmetric space A^4 = G4/K4 = Conf(J)/[[/(l)xStro(J)], where Conf(J) is thcconformal 
group of J and Stro(J) is the compact form of the reduced structure group of J. 
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In the presence of Fayet-Iliopoulos terms in 5 dimensions, the scalar potential (2.8) 
leads to a potential V4 in four dimensions, 

Vi = /-V5 (2.13) 

Using for example the identities found in [34], one may check that (2.13) is consistent 
with the general form of the scalar potential induced by Fayet-Iliopoulos terms in four 
dimensions [35, 36], 

Va = / {g'^ft ff - 3e^X^X^) Pa • (2.14) 
where Pa are the triplets of Fayet-Iliopoulos terms, chosen as 

Po = 0, Pi = Vin, n-n = l. (2.15) 
In the language oi M = 1 supergravity, this corresponds to a superpotcntial W = gVjX^. 
2.2 Reduction to M x [/(I) symmetric solutions 

We now restrict to solutions with a extra U{1) isometry, generated by a Killing vector 
on the four-dimensional spatial slice. Accordingly, the spatial metric dsl decomposes as 

dsl = e'^^{dilj + L03f + e-^^dsl (2.16) 

while the gauge fields decompose as 

At = C^(# + W3) + (2.17) 

The equations of motion for this ansatz can be obtained by further reducing the four- 
dimensional Euclidean supergravity along the space-like direction d^p. Upon dualizing the 
gauge fields ^3 and 0)3 into pseudo-scalars and a, one obtains Af = 4 supergravity in 
three Euclidean dimensions coupled to a non-linear sigma model, with Lagrangian[38]^ 

£3 = ~R - ^Gabdip'^dcp" + V3 (2.18) 

The scalar potential V3, present only in the case of gauged supergravity, is given by the 
reduction of (2.13), 

= e-^"" V5 (2.19) 

The target space of the sigma model, which we shall denote by A^3, is coordinatizcd by^ 
If"" = {U, , -X^ , (^,\, a}. It is related to the more familiar quatcrnionic-Kahlcr manifold 
Ai^^E (known as the c-map of Ma) arising in the usual Kaluza-Klcin reduction along 
space-like directions, and with positive-definite metric [42] 

1 



ds\,^^^ = dU^ + gijdzUz-^ + e-^^ (da - ^dC^ + C^dU) (2.20) 



(ImAr)AEdC^dC^ + (InxAT)^^ (dU + (RaAr)ARdC^) (dCs + (RaAr)srdC^) 



^The full supersymmetry in the gauged case can only be displayed by adding two auxiliary gauge fields 
with Chern-Simons couplings, see Section 2.3 below. 

^Thc symbol ip, used in (2.1) to denote the scalars in 5 dimensions, hereforth denotes the scalers in 3 
dimensions. 
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by analytically continuing 

(/,C°,C',C7,Co,^t) ^ (^</.^<^C^</,Co,^cT) . (2.21) 

For convenience, we shall be using the Rieniannian metric (2.20), but allow (j)^ , C^, (i, a to 
be purely imaginary. We note that an equally valid procedure would have been to perform 
the reduction along the space-like Killing vector d^p first, and then along the time-like 
Killing vector dt- This of course leads to the same non-linear sigma model on Ms in three 
Euclidean dimensions, however the analytic continuation that relates it to the Riemanniann 
manifold Ms^e, in the variables appropriate to this reduction, is now 

C°, C', 0, Co, a) ^ iC', ill, <o, cj) . (2.22) 

As we discuss later in this section, the two analytic continuations (2.21) and (2.22) are in 
fact related by a Weyl reflection in an 5/(2) subgroup of their isometry group, corresponding 
to the exchange of the t and direction. It is also worthwhile to note that the same 
sigma-model arises when describing stationary solutions inZ) = 3-|-lA/' = 2 supergravity 
[37, 23, 26, 24, 25]; as we shall see however, the supersymmetry conditions corresponding 
to 5D black holes differ from those pertaining to 4D black holes. 

In general, the space admits a solvable algebra of isometrics, originating from the 
diffeomorphism and gauge symmetries in 5 dimensions: the Killing vectors 

= d^^ + C^d^ , QA = d^A - , k = da (2.23a) 

generate a Heisenberg algebra [p^, gs] = —25^ k; the generators 

Tj = d^i + ^d^i - CjjKC'd-^, - C/% (2.23b) 

are nilpotent of degree 4, act symplectically on (p^j^a), and commute with k; the non- 
compact generators 

H = -du- C^d^A - Ud^^ - 2ct5^ , (2.23c) 

D = -l (-3C°5c° - + C/% + 2/5^/ + 2t'dti + 3Co5^J (2.23d) 

give a bi-grading of the nilpotent part of the algebra. The presence of the potential V3 
breaks the {H, D) symmetry to H — 2D, but leaves all other generators above unbroken. 

When I3 is the norm form of a Jordan algebra J, the solvable group of isometrics is ex- 
tended to a semi-simple group QConf(J), such that A^a = G3/K3 = QConf (J)/ SU {2) l x 
Conf(J) becomes a quaternionic-Kahler symmetric space. Here QConf(J) is the "quasi- 
conformal group" associated to J [22, 21] (see e.g. [26] for a review). It is obtained by 
supplementing the above generators with special transformations S'^ and rotations Rj, 
such that {Tj,S'^,Rj,D} generate G4 = Conf(J), and with a "dual" Heisenberg alge- 
bra, \p'A,q'^] = -26^ k', requiring that {k',H,k} generate Sl{2,R). The SU{2)l fac- 
tor in the maximal compact subgroup is the first factor in the R-symmetry group 
5*0(4) = SU{2)l X SU{2)ji, the scalars being inert under the second factor SU{2)r, which 
would act on the hypermultiplets if those were present [38]. 
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Figure 1: Two-dimensional projection of the root diagram of G3 = QConf(J) with respect to the 
spht Cartan torus {H, D). The long roots have multiphcity 1, while the short roots have multiplicity 
n + l. 

For later purposes, it will be useful to recall that the root diagram of G3 = QConf(J) 
admits a two-dimensional projection given by the root diagram of the exceptional group 
G2, where the long roots have multiplicity one and the short roots have multiplicity n + l 
(see Figure 1). In particular, for minimal supergravity in 5 dimensions, with I^{h) = 
and n = 0, the group G3 is in fact G2(2) itself. The long roots in Figure 1 generate a 
S'Z(3, M) subgroup of G3, which is the symmetry arising in the dimensional reduction of 
pure Einstein gravity in 5 dimensions down to 3 dimensions [39, 40, 41]. In particular, the 
5/(2, M) subgroup generated by the roots qQ.,q^ and their commutator is the symmetry 
exchanging the time-like and space-like Killing vectors dt and 9^, alluded to below (2.22). 
The Sl{2,M) subgroup generated by k^k' and their commutator instead corresponds to 
the Ehlcrs symmetry of Einstein gravity in 4 dimensions. In the presence of the potential 
V3, the only unbroken symmetries are p^,qA,k and Ti,(^q. As we shall see shortly, the 
conserved charges associated to the latter are the electric charges and angular momentum 
of the 5D black hole. 

2.3 Supersymmetry in 3 dimensions 

In the absence of gauging, the supersymmetry of the N = A sigma model coupled to 
gravity in three dimensions was discussed in [38]. When gravity is gauged in 5 dimensions 
or when the spinors are non-trivial along the fibers, then we obtain a gauged model in 
three dimensions. In this subsection we will review some aspects of gauged sigma models 
in three dimensions, which we will use in subsequent sections. We will mainly follow the 
discussion in [27] and [28]. 
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The ungauged case 

A locally supersymmctric = 4 sigma model in 3 dimensions has an S'0(4) SU{2)l x 
SU{2)ji R-symmetry. Out of this symmetry group, SU{2)^ is already apparent in 5 dimen- 
sions where it acts on hypermultiplets, leaving the bosonic fields in the vector multiplets 
inert. The other factor SU(2)l is manifest only when reducing to 3D and is associated 
to rotations in the two-plane of the fiber. We use the following notations: a vector of 
the SO (4) R-symmetry carries an index / = 1 ... 4, which is equivalent to a bi-spinor aa 
{a = 1,2, a = 1, 2), where the dotted index is the index for SU{2)l. Indices of the adjoint 
of S0{4:) = SU{2)l X SU{2)r will occasionally be denoted by x = 1,2,3 and x = 1,2,3. 
In addition, a,b,... will denote indices of coordinates on the manifold. The SO{4) R- 
symmetry determines an SO{4) connection, denoted by Qa^\ or and Q^- Our case is 
more special - since there are no hypermultiplets in 5 dimensions, one of the SU (2) does 
not act on the bosons and hence = 0. 

The variations of the gravitini and hyperini (in a vanishing fermionic background) are 
then given by 

<5Vr = (D.e^p + QHpd,<fnVa0 (2-24) 
^X^" = ^a'Sad (2.25) 

where rjaa is the supersymmetry parameter, and V^"' is the quaternionic viel-bein, related 
to the metric Gab and the quaternionic-Kahler forms il^ by 

Gab = V^^X^^abV,^^ , nt, = V^^al^^ABV^^ (2.26) 

where Tjab is the Sp{2n + 2) invariant antisymmetric tensor. The quaternionic viel-bein 
V^"' is a 2 X (2n + 2) matrix, which was computed for the c-map metric (2.20) in [42]: 



yAa 



( u v\ 

-i Ei 

\—v u j 



(2.27) 



where 



u 



= (dU - ATasc/C'^) (2.28a) 



v = dU + - e-'^ {da + CdCA - CAdC) (2.28b) 
E; = i ft (da - ATAsdC'') (2.28c) 

where = e\dz^ is the holomorphic viel-bein of the special Kahler manifold M4,, such that 
9ij ~ inverse of e\. 
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The gauged case - some general formulas 

In the presence of gauging in 5 dimensions, the = 4 sigma model in three dimensions 
has to be gauged. Our main goal in the rest of this subsection is to identify the appropriate 
gauging that corresponds to the potential (2.19)'^. 

There are different equivalent ways of writing gauged sigma models in three dimensions. 
While all the massless dynamical bosonic degrees of freedom have already been accounted 
for in the reduction, it is possible to add auxiliary gauge fields which have no Maxwell-type 
kinetic terms, but have Chcrn-Sinions terms (in addition to their couplings to matter). In 
fact, in three dimensions a single gauge field with a standard Maxwell kinetic term may 
be replaced by two gauge fields and a scalar [43] . The two gauge fields are non-dynamical, 
and coupled by a Chern-Simons interaction. If there are no massless charged fields in the 
original Lagrangian, the two new gauge fields can be integrated out, and the remaining 
scalar is just the dual of the original Maxwell field. Otherwise, they need to be kept in the 
action since these two gauge fields still couple to matter fields via a A^^J^^ coupling which 
cannot be dualized. Note that in this formalism, vector fields always appear in pairs. 

There are two sources of gauging and Chern-Simons vector fields in 3D. One is the 
gauging in 5D, which generates a potential in 5D and hence a potential in 3D. The other 
source is the dependence of the fermionic fields on the fibers in the reduction from 5D to 
3D. In order to make the physical degrees of freedom apparent, our aim is to dualize all 
vector fields into scalars. This includes off-diagonal components of the 5D metric, which 
become vector fields in 3D. The latter may be dualized into scalars provided there are 
no field charged under these gauge field. The bosonic fields are always invariant under 
translation in the fiber directions, hence are never charged. In contrast, the 3D fermions 
may or may not be constant in the directions of the fiber. If they are not constant then 
the fermions are charged under these vector fields and the sigma model will be inherently 
gauged. Note that by itself, this second source of gauging never generates a potential in 
3D, since only the behavior of the fermion is affected. It is therefore akin to the "no scale 
supergravity models" familiar in higher-dimensional supergravity [44, 30]. 

Both sources of the gauging, provided they preserve A/" = 4 supersymmetry, may be 
described in the same formalism [27, 28]. The global symmetries acting on the fields in the 
sigma model are G3 x SU{2) l x SU {2)fi, where G3 is the isometry group of the manifold M3, 
and SU{2)l x SU{2)[^ is the R-symmctry group. Gaugings arc classified by a symmetric 
tensor QmN-, which encodes the embedding of the gauged symmetry group into the global 
symmetry group. Here M. and M live in the Lie algebra of symmetries. The fact that O is 
symmetric is related to the pairing of Chern-Simons vector fields discussed above. We shall 
denote by T-^ = {T"^, S**, 5*^}, m {n,p,..) = 1, . . . dim G3, x {y,z) = 1,2,3, x = 1,2,3 

a basis of this Lie algebra. In the case (of interest in this paper) where only the mixed 
components Qmx are non-zero, the condition that QmjV be invariant under the gauge group 
(Eq. 3.13 in [27]) reduces to 

£ ^ ©ma; ®ny ~ ) f p ®mx ®ny ~ • (2.29) 

^We are grateful to H. Samtleben for invaluable advice about gaugings of three-dimensional supergravi- 
ties. 
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These conditions are equivalent to the requirement that 6 be decomposable, 

&mx = Vmnx , (2.30) 

where Ux is a vector in and VmT^ an element in 53. Thus, this choice of projection tensor 
corresponds to a rank 2 abelian gauge group U{1) x C/(l), corresponding to the generators 
VmT'^ in G3 and UxS^ in SU{2)r, respectively. Accordingly, one should introduce two 
Abelian gauge fields Af^ and in three dimensions, with Chern-Simons coupling AdB. 

The other ingredient is the moment map V^'^'^^'^l = X''^'"'Qa'^^ + S-'^'^^'^K Here, 
X'^'"-dipa is the vector field on the quaternionic-Kahler space M.3 corresponding to the 
symmetry generator 

T^, Qa'^dip" is the SO{4) connection on M3, and S^'I-^-^ is the 
compensating R-symmetry induced by the action of T-^. Rewriting the antisymmetric 
pair of indices [IJ] as either x or x, it is clear that 

y^;y = §xy ^ yx;x ^ Q ^ ym;x ^ q ^ ^2.31) 

while V™'^ is the usual moment map of quaternionic isometries, defined by [45] 

^ym;i ^ ^xyzQV ^ ym;z = _ ^2.32) 

where is the triplet of quaternionic two-forms and is the SU{2)l connection. 

With the embedding tensor @MAf aiid the moment map V-^'i^-^ at hand, one can 
construct the T-tensors 

rpIJ,KL ^ yM;[IJ] yM;[IJ] ^ j^IJ,a ^ yM;[IJ] yM;a (2.33) 

where V^'" = X^'"-, and the ^-tensors 

^ ^r^MNMN^iJ _ 2 TiL,jL ^ ^ 1 (^^^|J ^ 2Ti-^) (2.34) 

Using (2.31), we see that the only non- vanishing components of the T-tensors are 

rpx,x = yx^x ^ rpx,a ^ ^x ^ yi ^ ym;x ^ ^ m,a (2.35) 

Therefore, the non-vanishing components of the A tensors are 

Af = V'n^, A% = \x^^i,rf , Ala = ^a^f (2.36) 
Finally, the scalar potential is obtained from 

Fa = [a{'A{' - 2g'^'Ai^Aij,) = (v' - ^X-g^.X^'^ (2.37) 

Using the formulas for Ai and A2 for this specific gauging, and using Eq. 6.7 of [28], 
we find that the super symmetry variation of the gravitini and the hyper ini are: 

Sr,^ = [V'ai^ {e^pB, + algu^^,) + e^,^ a^^u^ A,] r,^^ (2.38) 

g^Aa ^ yAa ^^g^^a ^ ^ + ^ ^'^^ . (3.39) 

where 7]^^ is the supersymmetry parameter, and V^^dip"' is the quaternionic viel-bein 
(2.27). 
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The gauging unmasked 

Our remaining task is to identify the Killing vector X underlying the scalar potential (2.19). 
The result depends on the source of gauging: 

i) Gauging in 5 dimensions: An important constraint is that the Killing vector X 
must commute with the action of the 5/(2) symmetry exchanging the dt and d,p 
Killing vectors. Moreover, it should commute with the Heisenberg generators. These 
constraints uniquely determine 

X = Vi {d-^^ - C'd,) , (2.40) 

where the Vj are the coefficients that determine the F-I term and the 5D potentianl 
in (2.8). 

The SU{2) connection on (2.20) being given by [42] 

Q3 = g-2C/ j^^^ ^ ^A^^^ _ ^^^^Aj ^ 1 ^ gi ^ j^g^^^ ^ q2 ^ ^^^^^ (2.41) 

where Qk = {d^iK dz^—d^iKdz^)/2i is the Kahler connection on M.i, we can compute 
the moment maps 

= Fa , = e'''^ Fa Re(X^) , = e'''^ Fa Im(X^) . (2.42) 

Plugging into (2.37), and using identities in [34], we find that the scalar potential 
(2.37) does indeed reproduce (2.19), 

F3 = /-ie-2^F5 . (2.43) 

ii) Gauging due to compactification: The standard dimensional reduction from 5D to 3D 
assumes that the fermions are constant along the fibers. Some of the solutions that wc 
will discuss however, have a more complicated variation along the fibers [46]. In such 
a case, the fermions are charged under the Maxwell gauge field associated to the off- 
diagonal metric in the fiber directions, which prevents its dualization into a pseudo- 
scalar. Thus, one obtains a pair of U(l) gauge fields for every shift isometry under 
which the fermions are charged. Since the bosonic action is the same, irrespective 
of the charge of the fermions, it had better be the case that this gauging does not 
change the potential (and in particular, it docs not introduce a potential if there was 
none to start with). Indeed, it is possible to check that the same potential is obtained 
for a one-parameter generalization of the Killing vector (2.44), 

X = Vi (d^^ - C'd^^ +Kd^ (2.44) 

In order to convince oneself that indeed the correct generator, recall that the 
symmetries which shift the scalars dual to the two Kaluza-Klein vector fields along 
and dt are and Ep^^, respectively. Thus the gauging has to be a linear combination 
of these two generators. The only one which does not generate a potential is indeed 
X = nda- 
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2.4 M X SU{2) X U{1) symmetric solutions 

We now further specify to the case of stationary sohitions with an SU{2) x U{1) group of 
isometries. The metric on the three-dimensional slices can be taken to be 

dsl = N\p) dp'' + r2(p) {al + al) , (2.45) 

where the lapse function N maintains reparameterization invariance along the radial di- 
rection p. Here, crj are the left-invariant SU{2) forms^, 

o"! = sin (i0 — cos V' sin ^ (2.46) 
o"2 = cos + sin '(/' sin ^ (i^ (2.47) 
C73 = dV' + cos e d<p (2.48) 

9, (f), ijj are the Euler angles of with ranges 6 e [0, tt), (f) e [0, 27r), ip G [0, An), such that 

da' = ~e^JkCT' /\ct'' (2.49) 

Moreover the coordinates 99" on A^3 are taken to be functions of p only. It will be useful 
to relax the condition that the circle has unit Chern class over the S'^ parametrized by 
{0,(p), and define 

cr^,k = dip + ik cos 6 d4> (2.50) 

For k = — i, the Hopf fiber U{1) combines with S'^ to produce the topology of S"^ . 
Upon reduction along the 9 and (f) direction, the Lagrangian 



{r'f -r^Qab'f'''^^ +NVi (2.51) 



describes, in a reparametrization invariant way, the motion of a fiducial particle on the 
cone R x M.^ in the presence of a potential 

Vi = l + r^e-^t^/- V5 . (2.52) 

In particular, the equation of motion of N enforces the Hamiltonian constraint 

^^WDW =^{pI- ^g'^P^f- P^b - Fi^ = . (2.53) 

In the ungauged case, this mass of the particle is therefore fixed to unity, and the motion 
decouples between the cone direction and Ai^. In the gauged case, the mass is effectively 
position dependent, with a correction proportional to the radius re~^ / ^/f of the two-sphere 
measured in the five-dimensional metric. Moreover, the cone direction and M3 no longer 
decouple. In either case, the phase space of M x SU{2) x ^7(1) symmetric solutions of 5D 
supergravity is given by the symplectic quotient 



xX3)//{^^WDW = 0} , (2.54) 
of dimension 16. 



*Note the exchange of 4> and ip with respect to [7]. 
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Conserved charges and integrability 

Due to the isometrics (2.23) of Ai^, there are many conserved quantities which can be used 
to integrate the motion. The conserved charges k,p^,q\,Ti are sufficient to ehminate the 
(derivatives of) aX^^Aj^Pi- Physically, the conserved quantity associated to T/ and q'q 
correspond to the electric charge and angular momentum in 5 dimensions, whereas p^, q\ 
are dipole-type charges. The charge k is the Chern class of the circle bundle generated by 
over the two-sphere parameterized by (^, </>), and should be fixed to k = —i (after analytic 
continuation) in order that the total space have the topology of S^. These identifications 
are to be contrasted with the ones relevant for describing four-dimensional black holes 
[23, 25], and are consistent with the "4D/5D lift" [4] as shown in Section 3.1 below. 

In the case where M.^ is a symmetric space G3/K3 and in the absence of gauging, all 
solutions can in fact be obtained by exponentiating the action of the isometry group^. For 
this purpose, it is useful to parametrize G^/K^ by an element g in the Iwasawa gauge, i.e. 
in the A'^N^ part of the Iwasawa decomposition of = K^A^N^ into the product of the 
maximal compact K^, abelian torus A^ and nilpotent subgroup N^. The right-invariant 
metric is obtained from the non-compact part p of the right-invariant one-form 9 = dg ■ 
valued in the Lie algebra 93 of G3, 

ds'^ = Tr(p2) , e = h + p . (2.55) 

When G3 is represented by real matrices, the Cartan decomposition 9 = h+p is simply the 
decomposition into antisymmetric matrices h and symmetric matrices p. A geodesic passing 
through the point go dX r = with initial velocity po is then given by ^(r) = A;(r) ■ e^""^ • go 
where po is a non-compact element in 93, A;(r) is the unique element of K3 which brings 
g{t) back to the Iwasawa gauge, and r is the affine parameter. The rotation A;(r) drops 
from the product M(r) = ^^(t) • (?(t), from which the coordinates on G3/K3 can be read 
off. This produces a solution of the Lagrangian (2.51) in the gauge N = r"^ (Conversely, 
given a solution of (2.51), the affine geodesic parameter r may be obtained by integrating 
N{p)dp/r^{p) = —dr). The remaining motion of r(p) may be obtained by integrating 
the Hamiltonian constraint (2.53), and depends only on p^; in particular, if (p°)^ = 0, 
r = 1/{t+^i) where 7 is an integration constant. The 03-valued conserved charges inherited 
from the right action of G3 are then given by 

Q = -dMM~^ = -glpogo' (2.56) 

Supersymmetric solutions correspond to special restrictions on the momentum pQ. In many 
cases, but not all, Q is nilpotent, i.e. = 0, Q""^ 7^ for some integer n. Again, in the 
presence of a potential V3, G3 is broken to a solvable subgroup and integrability is lost in 
general. 

Relation to Gauntlett et al. classification 

Supersymmetric solutions oi D = 5,J\f = I supergravity were classified in [47] and [48] 
for the ungauged and gauged case, respectively. A necessary condition in the gauged case 

^This fact was used in [20] to produce explicit non-supersymmetric extremal solutions in £) = 4, JV" = 2 
very special supergravity with one modulus. 
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is that the four-dimensional metric ds^ in the square bracket of (2.57) has to be Kahler. 
In terms of the SU(2) x U{1) symmetric ansatz used in [47, 48, 7], shghtly generahzed to 
include an arbitrary lapse function M{p) and Chern class k, 

dsl = -f\dt + U^f + [AT^ V ^ ^2(^2 ^ ^2^ ^ ^2^2 ^] (2.57) 

C04 = ^a3,k, A' = fh' {dt + ^as,k) + U'ip)as,k , (2.58) 
a sufficient condition for Kahlerity is given by [6] ^ 

ikbAf - 2aa' = , (2.59) 

corresponding to a Kahler form lok = —d{a^(T^^k)- In terms of the variables in our Ansatze 
(2. 16), (2. 45), related to the ones above by 

a = e-^r, 6 = , AT = iYe"^ , * = 2zCV [/^ = y^C' , (2-60) 
the condition (2.59) becomes 

r' - rU' - ik = . (2.61) 

2r ^ ' 

It should be stressed that conditions (2.59) or (2.61) are independent of the gauge coupling 
l/£. As we shall see below, some supersymmetric solutions of ungauged supergravity do 
not satisfy this condition (e.g. the Taub-NUT black hole). It therefore appears that more 
branches of solutions open up in the ungauged case £ = oo. It would be interesting to see 
if remnants of these branches exist at finite i. 



3. Supersymmetric solutions in D = 5,A/'= 1 minimal supergravity 

In this section, we specialize to the case of minimal = 1 supergravity in 5 dimensions, 
possibly gauged, and restrict to stationary solutions with SU (2) x U (1) group of isometries. 

3.1 Geometry of G2(2)/'S'0(4) 

After the three-step reduction process explained in the previous section, one obtains a 
one-dimensional Lagrangian 

C = — [{r'f - {uu + vv + ee + E E)] + N il + —-^ j (3.1) 

corresponding to the motion of a particle on the symmetric space Ms = G2{2)/ Sl{2)xSl{2), 
with metric 

ds^3 = JABe^^V^^V^^ = uu + vv + ee + EE , (3.2) 

®This condition is in fact more restrictive than Kahlerity. For example, it is obeyed for flat or 
Eguchi-Hanson, but not for Taub-NUT. 
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and, when I is finite, a position-dependent mass. Here, J"^^ and e^^ are antisymmetric 
forms in 2 and 4 dimensions, with the conventions e\2 = JiA = «^32 = 1, and is the 
quaternionic viel-bein with entries [21] 



u 



2^2 



3/2 



2 

^ -2U I 



dCo + T dCi + 3 dCi - dCo) (3.3a) 



= d[/ + -e-^^ {da - Cof^Co - Cif^Ci + Co^Co + Cif^Ci) (3.3b) 

e = -^—dr (3.3c) 

2T2 

E = - (3dCo + dCi (r + 2r) + 3r (2r + r) dCi - 3t dCo J (3.3d) 



To 



The viel-bein V'^°' corresponds to the projection of the right-invariant form 9 = dg ■ g ^ on 
the non-compact part p of the Lie algebra of ^2(2) , parameterized in the Iwasawa gauge as 
in [21], 

where t = (f)^ + if = ti + iT2. The entries of V^'^ in (3.3) have been normahzed in such 
a way that that S- acts by left multiphcation by the standard spin 3/2 raising operator 

/O ^/3 \ 

\/3 1 °^ matrix (2.27), while J+ acts by right multiphcation with 
^0000/ 

The compact part of the right-invariant form 6 provides the SU{2) x S'C/(2)-valued 
spin connection 



1 



Uv -v) + ^(e - e) j , = ^ ^^{v - v) + {{e - e) | . (3.5) 



As indicated below (2.20), we are taking ri,C°,Ci)'^ to be purely imaginary, so that we 
can use the same expressions as in [21] which was taylored for the Riemannian space 
G2(2)/5'0(4). Our notations for the components of the right-invariant form 9, as well as for 
the Killing vectors of the right-action to be discussed presently, are summarized in Figure 
2. 

Conserved charges 

The metric (3.2) on the symmetric space G2(2)/SO{4) is by construction invariant under 

the right-action of ^2(2) on the coset representative e, compensated by a left-action of its 
maximal compact subgroup such as to preserve the Iwasawa gauge (3.4) . The corresponding 
Killing vectors were computed in [21]. Replacing the vector field d^j^a by the momentum 
p^a conjugate to (j)"', 



2 22 
Pt/ = 4^t/', Pr. = 3-^T^, P. = ^e-^^(c7' + C7C''-C'C7) (3-6) 
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Figure 2: Left: components of the right-invariant form dg ■ g^^, in the basis appropriate to the 
compact Cartan torus J^^S^. Right: Killing vectors for the right-action of G2(2)) in the basis 
appropriate to the split Cartan torus H, Yq. 



we find that the conserved charges associated to the right-action of ^2(2) are given by 



Ek = Pa (3.7a) 

EpO = p^^ - C^Pa , Ego = -p(^o - CoPa (3.7b) 

Epi = V3(p^-^ - C'pa) , Eg, = ^(-Pc^ - CiPa) (3.7c) 

H = -pu - ^o-pa - C°Pc° ~ ^^PC ~ CoP^o - CiP^i (3.7d) 

y+ = -^{Pr, + C%e - 6C\-i - CiPco) (3-7e) 

Yo = -^ {2npr, + 2T2Pr, " + 3CoP^^ - C\i + ClP^, ) (3.7f ) 

y_ = ^ (6pr,TiT2 + Spr, (rf - r|) + 9p^^Co - %oC' + 2pciCi) (3.7g) 

= (6pei(C')'-2(Pn +PeC')C'-PuC^ + 2C\pr,n+p^T2-p^oO) 

-Pco(^ + C°Co + C'Ci) +P. + C°(-^ + C°Co + C'Ci))) (3.7h) 



'^For convenience, we stick to tlie notations in [21]. The generators , k, H, D,Ti, S'^ ,pi/^,q ^, k' 

introduced in (2.23) and subsequent equations in Section 2 are equal to EpA,Egj^,Ek,H, 
Yo,Y+,Y-,FgA,Fpj^,Fk, respectively. The lowest root Fk, too bulky to be displayed here, can be obtained 
by Poisson commuting F^i and Fqj . 
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-6{2pr,nT2 + (rf - r|))C° - 9p^-^ {a + C°Co) + Qpt/C' 

+3C^(-2p^,Ti - 2pr,T2 + 6p^oC° + Sp^ia - C°Co) + 2p^iC^)^ 

-3e2^ (3p^ori (3t2 + r|) + 3 (p^^n (rf + r|) - p^-^ {St^ + 2t|) 

+Pa (C°rf - SCrf + r|C°ri - Co - 2t|C') ) n - (3Tf + r|) Ci) (3.7i) 

Fpo = ^ (2p^Cf - Gp^iCf - 9(4p^rir2 + 2p^,(Tf - t|) + 6p^-^Co - 3p^oC' + 3p^CoC')Ci 

-27(p^o {a - C°Co) + CoiPu + Pa(y + 2priri + 2pr^T2 + 2p^^Co + PaC°Co))) t| 
+27e2^ (p^^rf +p,C°rf - ^p-^jl - 3pXVf + 3p^^r|ri4 + 3p,T|C°ri^ - Gp^-^rlrf 
+p^orf - p^Corf - 6p^r|CVf + ^p-^T^rl + p^i (rf + r|) + 3p^T|C°ri 
-Pa {rl + r|) Cirf - Sp^-^rln - Sp^r^C'ri + p^^rf + p,r|C°) (3.7j) 

i^pi = (- ((2p^-, - PaC')CT + 2pnTiCi + (3pc/ + 2p^,r2 + 6p^-^Co + 3p^(a + C°Co))Ci 

-Qpr, [-2C\l + Co + 2r|C') + 6C'(4p^2nT2 + 6p^-/o - 3pcoC' + 3p^CoC') 

+p^i(3a - 3C°Co + 5C'Ci)) t| - 3e2^ Up^.rl - p, (Srf + 2r|) Cm 



+p^i (Srf + 2r|ri) + 3 (-p^-^ (r^ + t|) (3rf + t|) - p^ (r^ + t|) C' (3r2 + t|) 
+ri ((rf + T|)'(p^^+p.C°)-PariCo)))) (3.7k) 

As we shall see presently, the conserved charges 1"+ and F^o correspond to the electric 
charge and angular momentum, respectively. 

For the most part, we will be interested in purely electric solutions, which satisfy 
EpO = Epi = 0,Ek = k and 1+ = q. In this case, we may solve for the time derivatives of 
the corresponding scalars as follows: 

r[ = -2e-^^rlC%C" - C n) + 2^(C^ - nC'f + , (3-8) 

Co = -2C°'rf + 3C^'ri^ + e^^^r^ (3rf C° - 3riC^ + riC') (3.9) 

C[ = 3rfC'' - 6nC^' + 3e2^^r2(C^ - nC°) (3.10) 

= e^^^ + c'^c^ + c^Ci - CoC°' - CiC^' (3.11) 

Moreover, we focus mostly on solutions with k = —i, such that the angular directions 
{0,(1), tp) parametrize a topological S^. 
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4D-5D lift and {t, tp) flip 

It is also useful to introduce a different parametrization, adapted to the Sl(2,M.) subgroup 
corresponding to the diffeomorphisms of the {t, ip) torus: 

The variables {V, pi, p2, fJ^i, lJ'2,i^, i^i, 1^2) are related to the previous ones by 
V = e^V^, pi = - V2C° , P2 = 4j^ Ml = V3(nC° - C') , M2 = y|ri , (3.13) 

'^^^^TT^' ^^ = -71 ('^ + C°^o + C^Ci-2r,W + 4ri(Ci)2) A2 = Co -rfC\ 

(3.14) 

The parameter p = pi+ip2 transforms under this 5^(2) by fractional linear transformations, 
while {pi,p2) and (/ii,/i2) transform as doublets, and ly is inert. In particular, under the 
Weyl reflection 

p^-l/p, {pi,fi2) ^ {P2,-Pi) , ly^iy, {pi,P2) ^ {-P2,f^i) (3.15) 
the coordinates U,t,(^Xi transform into 



n^V-2iC^-nO, r2^.m^, (3.16) 

^ 2(C0)2r| + e2C^ ' ^ ^2 (2(C0)V| + e2t^) ' ^ ^ 

Co - ^ (-2(C°)Vf + 6c«cV,^ - 6(C^)V, + ';f/o)V3;j^^' - - - C°Co - C^Ci) , 

(3.18) 

t(fo)2;/fJ;^' - c° + 6nc^ + ci , (3.19) 

C°(-a + 3C°Co + eCi)rl + e^^ (c°rf + + 2Co) 
^ " ^/2(2(C0)V| + e2^) ' ^^-^^^ 

Note that this transformation maps the reality conditions (2.21) appropriate to 5D black 
holes, to the conditions to (2.22) appropriate to 4D black holes. As we shall see on an 
example in the next section, it implements the 4D/5D lift found in [4]. 

Poisson algebra of the viel-bein components 

In order to describe the constraints from unbroken supersymmetry, it will be useful to 
compute the Poisson brackets of the entries in the quaternionic viel-bein^. By this we 
mean the following: the entries in V^'^ are one-forms on ^A^, which may be pulled back 



*Some of the results in this subsection were obtained in collaboration with A. Waldron [50]. 
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to the world-line into one- forms Va{ip)ip"'' dr: expressing the velocities (p""' in terms of the 
momenta Pa, we obtain functions on the phase space T*(M"'' x 7W3), whose Poisson bracket 
can be computed in the usual way. Equivalently, the one-form Va{^) may be turned into 
a vector field X^{}p) using the metric on R+ x 7W3, and the Poisson bracket of V is just 
the Lie bracket of X. The result of this computation is that the non- vanishing Poisson 
brackets among the entries of up to complex conjugation, are given by 

N _ _ N _ 

{v,v} = {E,E] = -{u,u} = ^{v-v) , {e, e} = ^^^^ (e - e) (3.21a) 

N N 
{u, v} = {u, v} = -^u , {E, v} = {E, v} = -^E (3.21b) 

{^'e} = -^^^' {^'e} = -£5 (3.21c) 





{E, 4 = + ^ > {E, e} = ^(^ + AE) (3.21d) 

A useful observation is that, up to terms proportional to V and V', the Poisson bracket 
{y, y'} is given by a linear combination of the spin connections Ji and Si in , with co- 
efficients given by the Clebsh-Gordan coefficients for the tensor product (2, 4) A (2, 4) = 
(1, 3) + (3, 1) + (1, 7) + (3, 5) in SU{2) x SU{2). In particular, the conservation of the J3 
and S3 charges may be checked easily from Figure (2) (left). The commutation relations 
(3.21) can be summarized in the following formula 

V^^} = |e"^(al)J J^^^, + 2iJ^^(a*);e^^ J, + . . . (3.22) 

where J^^ and e^^ are the antisymmetric forms in 2 and 4 dimensions with the conventions 
ei2 = Ji4 = J32 = 1- The dots in this expression denote the (1,7) and (3,5) pieces in the 
tensor product, which vanish when either V^^ or V^^ vanish^. 

Using (3.21), it is straightforward to compute the commutation relations of the Hamil- 
tonian Hq = uu + vv + ee + EE with the viel-bein: 

{Ho, u} = ^(u (-\/3(e -e) + 3v~v^ + 2eE^ (3.23a) 

{Hq, v} = {EE + UU + v(v - v)) (3.23b) 

{Ho, e] = — ^ f-e(e - e) + 2E'^ - 2^/3Ev] (3.23c) 
2v3r'^ ^ ^ 

{Hq, E} = (-Ee -4.eE + e(E + 2V3,uj + V3E{3,v - v)^ (3.23d) 

These relations will become useful when analyzing the algebra of constraints imposed by 
supersymmetry in the next Section. 



more conceptual interpretation of the Poisson algebra (3.21) is that it is isomorphic to the Borel 
subalgebra of G2{2), after an appropriate change of basis [50]. 
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Shifted quaternionic vielbein 

In view of the super symmetry variation (2.39) in the gauged case, we define the "shifted 
quaternionic vielbein" 

yAa ^yAa l^^^a _^^jy^a^ ^ (3.24) 

where X = d^^ — C}d„ is the Kilhng vector controlhng the gauging, and the normalization 
has been chosen to agree with the analysis in [6] . In terms of the entries of the "shifted 
vielbein" , 

u = u+ ^ r2-^rl , v = v+^Ne-^^C , S = E+ r2-3zTi , e = e 



(3.25) 



Note that the deformation does not commute with complex conjugation: 



u = u ^{T2+iTi), v = v — ATe-^^C , E = E {T2+3iTi) , e = e 

2IT2' ^ 2£t2' 

3.2 The BMPV and Taub-NUT black holes 



In the next three sections, we various reductions of the one-dimensional dynamical system 
relevant for different kind of black holes. 

Constraint analysis 

In the absence of gauging, the one-dimensional system is the same as the one which arises 
in the study of four-dimensional black holes [23, 25, 24]. In this case, the supersymmetry 
conditions are given by 

r' = N and 3 such that V^'^e^ = . (3.26) 

The second condition is equivalent to the vanishing of the 2x2 minors of the quaternionic 
vielbein, 

Hab = V^^V^K^^ = . (3.27) 

In particular, it implies the vanishing of the total momentum = Hab^^^ on M-z, and 
together with r' = N the vanishing of the total Hamiltonian (2.53). 

Using (3.21), one may check that the Poisson bracket of -ffwDW with the constraints 
Has vanishes on the locus Hab, for example 

{Hi2,Hi-i} = -^uHi2 + ^vHi3 - Iei7i3 = . (3.28) 

This implies that the projectivized Killing spinor z = €2/6^ can be computed consistently 
from any of the equations z = —V^^/V^^; using again (3.21), one may check that 



u+^[{v — v) — V3{e — e)]z + uz'^ 



. (3.29) 



Using the results in [21], one may check that this is precisely the condition (dz + P) /dp = 0, 
where P is the projectivized SU{2) connection on the quaternionic-Kahler manifold A^s. 
Therefore, the motion can be lifted to a holomorphic geodesic on the twistor space Z = 
G2(2)/SU{2) X C/(l) [25, 24]. 
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The generalized BMPV black hole 

It is straightforward to check that the constraint (3.26) indeed describes the supersymmetric 
spinning black hole constructed in [3]. In fact, the BMPV black hole is part of a family of 
solutions given by [47] 

M=l, a = b=^, ^2 = -m = /= (^A + ^ + ^/^ , (3.30) 

where /i is the electric charge, equal to the ADM mass by the BPS condition, j is the angular 
momentum, and x is a deformation parameter which does not preserve the asymptotic 
flatness. Using (3.8), we easily obtain the remaining coordinates of the non-linear sigma 
model, 

a = —I \-i — r= h ^ ;= i^ + i 7=^ (3.32) 

4 2V2p2 4^2 6V2 54^2 

while Co and (i take constant values. It is easy to check that the first column-'^'^ of the 
viel-bein V vanishes^^: 

u = e = E = v = (3.33) 

so that the supersymmetry constraints (3.26) are obeyed at z = 0, which is indeed a 
fixed point of (3.29) when u = 0. It would be interesting to find a more general class of 
solutions where an arbitrary linear combination of the two columns of the quaternionic viel- 
bein vanishes. At any rate, the fact that the solution preserves the same supersymmetry 
condition as the one appropriate for 4D black holes is consistent with the fact that the 
Killing spinor preserved by the 5D solution is independent of the V' direction [49]. 

It is also instructive to compute the conserved charges (3.7) for the generalized BMPV 
solution: 

2i ~ 

Epo = Epi = , -Ego = 2^Co) -Sgi = ' Fk = -i , (3.34) 

V^^.f .^.^^^^=2^. . (3.30, 

i^fe = - ^ [e V2jCo + (3x VCo + 4Ci') ] , (3.37) 

This confirms the identification of F+ and as the electric charge and angular momentum, 
respectively. Moreover, one may check that the full Noether charge (viewed as a 7x 7 matrix 
via G2(2) C 50(3, 4), see [21]) is nilpotent of degree 3, = 0. This is a general consequence 
of the supersymmetry condition (3.26) in the symmetric space case [23]. However, it follows 



^"This could be traded for the second column upon flipping the sign of Ti,^,<^i,a, corresponding to a 
flip of i in (2.21). 

Moreover, we observe that E = when x = 0. 
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more generally from requiring extremality: indeed, a smooth near-horizon geometry is 
obtained provided a^// and 6^// take a finite value as p ^ 0, and / ~ in the gauge 
J\f = I. In terms of the affine geodesic parameter r = we see that the entries in the 

matrix M = e(r)e*(r) (particularly the entry M44 = e~^^/r2 = 1/(6^/), in the basis used 
in [21]) grow at most like r^, consistently with = 0. 

The Taub-NUT black hole 

Another solution in the same category is the rotating BPS black hole at the tip of a Taub- 
NUT space [4] with NUT charge L, electric charge n and angular momentum j 



M=^l + ^, a = p^l + ^, 6 = l/yi + ^, T2 = -in = f = + 

(3.38) 

The only non-vanishing conserved charges are given by 

Ek = iL, H = -2L, Y+ = ^, Fg, = -2iV2j , Fk = iL (3.40) 

while the affine geodesic parameter is r = l/p. Just like the BMPV black hole (3.30), 
the conditions (3.33) are obeyed and = (as the two share the same near horizon 
geometry). In fact the two families of solutions are related by a "D-transformation" in the 
language of [40, 41], i.e. a Weyl reflection D = exp [^{Ek + Fk)] ■ Moreover, the solution 
(3.38) is related by a (t, V') Aip (3.16) to a 4D BPS black hole with Noether charges 

Epo = -iLV2 , Epi=0 , Eq^ = -ipVe , Eg^ = 2ijV2 , Ek = . (3.41) 

This is consistent with the 4D/5D lift [4]. For the pure Taub-NUT vacuum, i.e. when 
j = p = 0, we note that the matrix of Noether charges becomes nilpotent of degree 2. In 
appendix A, we provide more general solutions of this type. 

The semi-classical radial wave function of BMPV-type black holes 

The five constraints 

u = e = E = v=pr + 4 = (3.42) 

are solved in the sector 

Y+=q, Ek = k (3.43) 

by setting pa = d^aSq^k,S, where 



Sg,k,S = - 4r + ike^"" + V2qf + k[a + C°Co + C'Ci + GfCf - + 2f ^(C^)' 

+ 5 (Co + rCi + SfH^ - r'C°, Ci + 6f - Sf^C") 



(3.44) 



^^This may be obtained as a special case X = l,x ~ 0,5 — id/^/L,a = \/L/A of the family of rotating 
Taub-NUT solutions in [47] (Eq. 3.57-59), upon changing coordinates from p to r such that p = 2a(r — a). 
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and S is an arbitrary function of two variables. Thus, a basis of solutions of the quantum 
constraints in the semi-classical approximation is given by 

^q,k,pO,p^ ~ exp [iS,,k,o + ip"" (Co + rCi + Sf^C - t'C°) + ip' (Ci + 6f - 3f ^C") 

(3.45) 

While is indeed the eigenvalue of EpO, Epi and Fq^ do not commute with 1 + , and so 
cannot be diagonalized simultaneously. Note that the wave function is a anti-holomorphic 
function of r, as required by the condition e = 0, and that it flattens out in the near 
horizon region where a,b ^ 0, in the case of 4D black holes [24, 25]. 

3.3 The Godel and Eguchi-Hanson black holes 

We now turn to a second class of supersymmetric solutions, which turn out to satisfy a 
difi^erent set of constraints. 

The Godel black hole 

In addition to the above families of solutions in D = 5 minimal (ungauged) supergravity, 
a second class of supersymmetric solutions with isometries SU{2) x U{1) was constructed 
[47]: 

Af=l, a = b=^, r2 = in = f=(^X + ^ + ^^ , (3.46a) 

Note that the relative sign between ti and iT2 is flipped with respect to the BMPV solution 
(3.30). As above, Co and Ci take constant values, while 

4 V '^V ' 12^/2p2 6^/2p4 270^/2p8 ^ ^ 

These solutions are deformations of the generalized Godel solution obtained by setting 
/X = X = 0. For these Godel-type solutions, the conserved charges are given by 

Epi =Ej,o = 0, Eg, = 2iCo, Eg^ = -^Ci , Ek = -i, (3.47a) 

^^^»^»- 

^''""i^' ^'/i = ^(^X + 4iMCi), Fpi = -'-V3fiCo , FpO = ^, (3.47c) 

Fk = ^KT + ^x{2Ci + 3iACo) (3.47d) 

and the geodesic affine parameter is r = 4/^^. Unlike the BMPV and Taub-NUT black 
holes, which had Q"^ = 0, one may check that the Noether charge matrix is now nilpotent of 
degree 7, = 0, This shows that these solutions do not arise from the same supersymmetry 
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constraint (3.26). Indeed, one may check that three out of the four entries of the second 
column of the quaternionic viel-bein vanishes, 



e = E = u = , 



(3.48) 



moreover 



C\ = ikv-Ne 



-2U 



, C2^r' -rU' - ik— — = 



2r 



and 



Cg = V = , C4 = + k^e 



2„4C/ 







(3.49) 
(3.50) 



The condition C2 = is recognized as the Kahlerity condition (2.61). 
The Eguchi-Hanson black hole 

The conditions = C4 = turn out to be relaxed in the case of the more general 
Eguchi-Hanson black holes found in [47]: 



T2 = iTl = f = 
iTr 2 , 



, 6 = ^Vl-mVpS 



A — - — 7—^ + log 



X 



Sx 



+ 



4/9^ Mm'^p^ Ap^m^ 
^0 = cte , = cte , a = —-rp^ — 



(p^ — m^) log 



X 



rCi- 



p2 _|_ 

ixS 



X 



4V3p2 



2 „2 



+ 2m^p 



(3.51a) 

(3.51b) 
(3.51c) 



4" 4p2 6x/2p2^ 2V2m^ V2 
where Co and are constants. The conserved charges are given by 

2iCi 



Co + ^*Co (3.51d) 



H 



EpO = Epi — 0, EgQ — 2i(o, Eq^ 

xKo 



V3 



, Ek = -i , Yo = , 



(3.52a) 



m2V2 ' 



(3.52b) 

while i^g^ , Fpi , F are too bulky to be displayed. The affinc geodesic parameter is related to 
p by r = 4arctanh(p2 /m2)/m2. For regularity in the range p > m one must impose 6 = 
and < 9\mP. Moreover closed time-like curves at r — >^ 00 can be avoided by taking 
7 = 0. Note that this is also possible to analytically continue m —>■ e^'^^^m, in such a way 
that the solution is regular on the p > axis. 

For these Eguchi-Hanson black holes, the conditions (3.48) and (3.49) arc satisfied, 
but V ^ and the Noether charge matrix is no longer nilpotent. Instead, its Jordan form 
in the 7x7 matrix representation has one 3x3 nilpotent block and two 2x2 blocks of 
the form (^f J^, 
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Constraint analysis 

This motivates us to study the reduction of the one-dimensional dynamical system under 
the three constraints (3.48) (still restricting to the ungauged case in this section). Using 
(3. 21), (3. 22) and (3.23), it is straightforward to check that the three constraints (3.48) are 
first class, i.e. that they Poisson-commute among each other and with the Hamiltonian 
constraint (2.53) on the constraint locus. Thus the Hamiltonian system (2.53) admits a 
consistent reduction to the 12-dimensional symplectic quotient 

T*{R+ xM3)//{e = E = u = 0} . (3.53) 

On this locus, the Hamiltonian (2.53) reduces to 



1 9 .\ r 



„2 



1/2 Pu\ e^^'^' 



16 V^'' r2 ) 4r2 ^ 



(3.54) 



Moreover, the generators Epi , Eq^ , E^, H,Yo,Y± also commute with these constraints, and 
therefore lead to an action of M x G4 x on the phase space (3.53). 

Having imposed the constraints (3.48), it may be checked easily that the additional 
constraint v = 0, commutes with e = -E' = u = Oas well as with H^yoW: thus proving the 
consistency of the constraints (3.33) (or their complex conjugates) relevant for the BMPV 
and Taub-NUT black holes. 

Instead, we want to enforce the constraints Ci = C2 = in (3.49), which were found 
to govern the Godel and Eguchi-Hanson black holes. Rewriting the constraints (3.49) and 
the Hamiltonian as 



Ci 



1 



C2 = dr-rv , (3.55) 



^^WDW = ;^C'2(C2 + 2rv) + e'^Ci , (3.56) 

and using (3.21), it is straightforward to check that the algebra of constraints is first class, 

kN kN 
{Ci,u} = -i^u, {Ci,E} = -i^E , {Ci,e} = (3.57a) 

{C2,u} = ^n, {C2,E} = ^E, {C2,e} = ^e (3.57b) 
N 

{Ci, C2} = — — Ci , {Ci, ifwDw} = {(^2, ^WDw} = . (3.57c) 

Thus, the Hamiltonian system (2.53) can be further reduced to the 8-dimensional symplec- 
tic quotient 

T*{R+ X Ms) //{e = E = u = Ci = C2 = 0} . (3.58) 

This is the habitat for the Godel and Eguchi-Hanson solutions (3.46) and (3.51). Note that 
this phase space is also invariant under M. x G4 x H^. 

It is worth noting that the phase space (3.58) can be further reduced with respect to 
the second class constraints (3.50). In this subspacc, the Noethcr charge matrix is nilpotent 
of degree 7, and for k = —i the symmetry is enhanced to SU{2) x SU{2) (as the condition 
C4 = is equivalent to a/b = zizik). This subspacc contains the Godel solution (3.46), as 
well as the non-spinning BMPV solution (3.30) with j = X = 0. 
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The semi-classical radial wave function of Godel-type black holes 

The five constraints 

e = E = u = Ci = C2 = (3.59) 

are solved in the sector 

Y+ = q, Ek = k (3.60) 

by setting pa = d^aSq^k,S, where 

-2U 2 r- -, 

Sg,k,S = -ik e^^ + 2^— ^ + V2qT + k[a + C°Co + C'Ci + QrCf - + 2T\cy 

+ <5 (Co + rCi + StH' - tH^, Ci + 6tC^ - 3t\'') 

(3.61) 

and S is an arbitrary function of two variables. Thus, a basis of solutions of the quantum 
constraints in the semi-classical approximation is given by 



j,fc,pO,pi - exp [iSg^kfi + ip"" (Co + rCi + 3t^C^ - r^) + ip" (Ci + 6rC^ - 3x^0^ 

(3.62) 

Note that the wave function is a holomorphic function of r, as required by the condition 
e = 0, and that it flattens out in the near horizon region where a, 6 — >^ 0. 

3.4 The Gutowski-Reall black hole 
Constraint analysis 

We now turn to the case of gauged supergravity, and study the consequences of the natural 
generalization of the constraints (3.48) to the gauged case, 

e = E = u = Q , (3.63) 

In the presence of gauging, the constraints (3.63) no longer commute with the Hamiltonian, 
but imply secondary constraints. In particular, 

{HwDW,u} = ^^^3/2^ (^2 - iri) [Pr + — — J (3-64) 



{^^WDW, e} = (^2 - in) (3V37V(r2 - m) - e^r^^^iE) (3.65) 

Thus, we impose 

Co = Ti+ iT2 = (3.66) 

which ensures the vanishing of both (3.64) and (3.65). This condition is in fact an integrated 
version of the condition e = where the integration constant has been fixed unambiguously. 
Enforcing (3.66), the vanishing of 

l-ffwDW, E} = — — — [pr^ \ = (3.67) 
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implies the same constraint C2 as in the ungauged case (3.49) , 



C2 = r - rU' - ik— — = . (3.68) 

^1 



pu = -2i k e'^ - |e-2^r^ + ^^^^^p^ {p^, + Ki) (3-69) 



Finally, requiring that -ffwDW = on the constraint locus requires that 

Expressing the derivative in terms of the charge = Epi , and pu in terms of v, this 
may be rewritten as 

Ci = ikv- Ne-^^ -iJ^—j — p^ = 0. (3.70) 

In the limit £ — 00, this reduces to the condition Ci = in (3.49). One may check that 
the five conditions 

Co = E = u = Ci = C2 = (3.71) 

commute, and therefore give a consistent first-class reduction of the phase of M x U{1) x 
SU{2) symmetric solutions of gauged supergravity. The Hamilton-Jacobi functions satis- 
fying the constraints E = u = Qi = C2 = on the locus Co = are 



+ fe(cT + CoC° + CiC')+'5|^Co,Ci- 



3 /2 \ ^'-''^ 



k£ 



where S is an arbitrary function of two variables, so that a basis of semi-classical wave 
functions are given by 



*pO,pi ~ exp 



iSk,o + ip^Co + ip^ Ci 



3V2 



2 -2U 



-r e 



(3.73) 



Note that the semi-classical wave functions are now independent of r, and flatten out near 
the horizon , & ^ 0. As we now demonstrate shortly, this reduced phase space does in 
fact contain the black hole solution of [6]. 

The Gutowski-Reall black hole 

Supersymmetric rotating black holes in minimal D = h gauged supergravity were con- 
structed in [6], and extended to general D = 5 gauged supergravity in [7]. In the case of 
minimal supergravity, the solution is given by 

M =1 , a = a£ sinh (/)/£) , b = 2a^i smh{p/i) cosh (p/i), (3 . 74a) 

r^ = l+ T"-', . t/, = ^a^ + ^^ (3.74b) 
12a2sinh2(p/£) ' ' ^ 2V3 
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^ = -2€a^£smh\p/l) 
This may be supplemented with 



4a2 _ 1 (4a2 _ if 



4a2 sinh^ (p /£) 96a^ sinh^ 



(3.74c) 



= , Ci = ^^a^ , (7 = - l-a'^f cosh(2p//) [l - + cosh(2p/Z)] (3.74d) 



so as to provide a solution of the motion on x G'2(2)/'S'0(4) with EpO = Epi = and 
E}; = —i. The Noether charges for the symmetry group unbroken by the gauging are given 

by 

+ " 4^ V ) ' - + 3^2 J (3-75a) 

i7-2yo = ^(l + 2^-3^) , ^;,o=£;,,=0 (3.75b) 
where the parameter a was traded for 



/4a2 - 1 

i?o = ^y^— . (3.76) 
The charges 1+ and are as usual proportional to the charge and angular momentum, 

Note however that the conserved charge H — 2Yo differs from the ADM mass 

_ SttRI ( ml 2Rl\ _ V3 2 

+ ^ + - — IQel + j\J\ , (3.78) 

although this could be easily rectified by adding a constant term in a. Finally, its Bekenstein- 
Hawking entropy is 



= 2G ?i^o 73/2' = V + 4/ (^-^^^ 

We now check that this solution satisfies the constraints (3.68) and (3.70). In terms of 
p-derivatives, the latter may be rewritten as 

C/7iV = -ie---^ + ^e-V (3.80a) 

(/ - rU')/N = ik— (3.80b) 

Translating to the variables a,b,M,'^,U^ using (2.60), the conditions E = and u = 
become, respectively, 

a^U'' + ikbMU' = ^f-'a^Af (3.81a) 

a^U^' - ikbAfU^ = (a^^r' - M^) (3.81b) 
V3 



-28- 



while the conditions (3.70) and (3.68) become 

+ ik-^ - 4- = ^^U^ , ikbAf = 2aa' (3.81c) 
J\l 2o^ ik I 

These four equations agree with Eq. (3.1), (3. 15), (3. 16), (3. 17) of [7] when k = —i and in 
the gauge = 1, while the constraint (3.66) is identical with the ansatz Eq. (3.11) in this 
same reference. Moreover, solving (3.81c) for and plugging back in (3.81a) , we find Eq. 
(3.12) in [7] 

f-^ = ^-:—U{a'f + 7aa'a" -a' + a^a"') . (3.82) 
12a^a' ^ ^ 

Thus, we have recovered the Gutowski-Reall solution via algebraic considerations in the 

one-dimensional reduced model. We note that the "flat limit" £ ^ (X),a ^ ^ keeping Rq 

and R fixed leads back to the the BMPV black hole (3.30) with zero angular momentum. 

It would be very interesting to find a more general BPS solution where the electric charge 

Q and the angular momenta Ji , J2 can be varied independently. Most likely, this requires 

going beyond the cohomogeneity one case studied in this paper. 

3.5 Other solutions of gauged supergravity 

We first note that the AdS^ vacuum solution is obtained by taking a = ^ , and has e = 
in addition to the five constraints in (3.71). 

Secondly, the near horizon geometry is obtained by taking the limit p — > 0. Dropping 
an irrelevant additive constant in cr, we find 

, 2 . 12a^ 2 ..1 (4«2-l)£ 
AT = 1 , a = ap, b = 2a p, , f = T2 = m = ^4^2 _ i^^^ P ' ^ = ^ — ' 

, (4a2 _ 1)2^3 3iV2a'^ 2 22 x 

48^V^' = = ' '^ = -^«V (3.83) 

It has the same Noether charges as the full solution, and in addition has E = 0. It would 
be interesting to connect this observation to the enhancement of supersymmetry at the 
horizon [46]. 

Thirdly, we note that, upon relaxing the BPS condition, a two-parameter family of 
AdS2 X geometries with Epi = and Ej^ = —i is allowed [51]: 

... ,2 . 12^2^ 2 rri (4a2^1)£ 

M=l, a = ap, 6 = 2ap, , f = ^2 = ^n = j^^^^p , ^ = , 

* = = ^^ = ^^^ ' ^ = -^^(l + 4«'(/5- V) (3.84) 

This solution still satisfies E = u = Cq = C2 = but has Qi^Q unless (5 = 1. Its electric 
charge and angular momentum are now independent parameters. 



y+(l) 3iRl (.,3Rl\ J, (o.FM 



(3.85) 
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where 1 + (1) and -F<;o(l) denote the values for the Gutowski-Reall black hole in (3.75). The 
Bekenstein-Hawking entropy is 

It would be interesting to know if there exists a smooth interpolating solution between this 
non-BPS extremal geometry and AdS^ at infinity. 

Finally, we note that BPS solutions of = 1 supcrgravity with naked singularities 
and closed time-like curves were constructed in [52, 53]. In the non-rotating case, their 
solution is given by 

^i = -^(l + ^)~' ' * = t^' = Co = Ci = 0, cT = -'y (3.87b) 
Its conserved charges are 

3i 

>"+ = -^g, Ek = -i, Epj = Eg^=Fg,=H-2Yo = (3.88) 

While the shifted quaternionic viel-bein does not seem to exhibit any particular structure, 
the unshifted viel-bein satisfies 

u = u = E = E = , v = v + Ne-^^ . (3.89) 

Thus, for this type of solution the contributions X"'B^'y^ and gX"" in (2.39) have to cancel. 
It is straightforward to see that the four conditions u = u = E = E = Q commute with the 
Lagrangian on the constraint locus, however they are not first class since v — v does not 
vanish. It would be desirable to clarify the nature of this type of BPS solutions. 

4. Discussion 

In this work we took the first steps in extending the algebraic methods which have been so 
useful for studying for 4D black holes, to the case of D = 5,M = 1 supergravity, with and 
without gauging. In particular, we have constructed the non-linear sigma model arising in 
the reduction of stationary solutions with a U{1) isomctry to D = 3, and identified the 
appropriate gauging. We further studied the reduction to D = 1 appropriate to solutions 
with U{1) X SU{2) isometrics, and studied the algebra of conserved charges and supersym- 
metry constraints. These have been illustrated on a number of known solutions in gauged 
and ungauged gravity, including the BMPV black hole and its generalizations, the Godel 
and Eguchi-Hanson black holes, and the Gutowski-Reall solution. 

In the process, we have found evidence for a new supersymmetric completion of the 
bosonic sigma model, distinct from the one relevant for 4D BPS black holes, and traced its 
origin to the non-trivial behavior of the Killing spinors along the fibers of the reduction. 
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We have also found that the super symmetric solutions of the ungauged theory exist in two 
branches, only one of which seems to subsist at finite L It would be very interesting to 
see if more general supersymmetric solutions of gauged supergravity are allowed, where 
an arbitrary linear combination of the first and second rows of the (shifted) quaternionic 
viel-bein vanishes, or more generally whether new (SUSY or non-SUSY) solutions may be 
reached by transformations in ^2(2) which commute with the gauging. 

The eventual goal of our construction is to provide a general framework to describe 5D 
solutions of gauged supergravity, particularly in the BPS sector. While we have concen- 
trated on BPS black hole solutions, with R x 5^ conformal boundary, it would be useful to 
fit the AdS black strings, studied e.g. in [54, 55, 56, 57, 58], in our formalism. More am- 
bitiously, it would be very desirable to extend our methods to the co-homogeneity 2 case 
(relevant for stationary solutions with U{\) x U{1) isometries or co-homogcncity 3 case 
(for solutions with a single isomctry), which may allow us to construct new multi-centered 
black hole or black ring solutions in AdS. We hope to return to some of these problems in 
future work. 
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A. More general nilpotent solutions of degree 2 

The nilpotency condition = allows for more general solutions than the Taub-NUT 
vacuum (3.38) with j = fi = 0. In view of the fact that solutions with = are associated 
to the minimal co-adjoint orbit of G3, and the conjectural relation to the generalized 
topological amplitude [59, 60], we briefly present them here, postponing their interpretation 
to future work 

For a given value of the moduli, such solution are uniquely determined by the charges 
, qj, k subject to two conditions, e.g. at the identity of G2(2)/S'0(4) 

3p qi - V3qi + V3{p ) + 3p qo = , k = ^ „ , ^ ■ (A.l) 

6V3{p^'p^ + qoqi) 



For example, setting k = —i,p^ = V^/x/vT-|-/?, go = «\/2/^, we find 

/ n \ 1/4 / a \ -1/4 



l-^-^==^P + 4p^ , b= l-^-^==^p + ip' (A.2a) 
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^ = Co = , n = C/^ = Ci = (A.2C) 

^ + (V - 1)(1 + ^^^ + {2 + /x^p) v^TTF) 

^ " (l + /.2-V)(l-4(l+/.V) ^ ^ ^ 

where p is equal to the geodesic afHne parameter. This solution has conserved charges 

^^_2{2+£)^ yo = ^|^, F^o = 2iV2i,, (A.3a) 

£;pO = , £^50 = 2zV2m , Epi =Eg,=Y+ = 0. (A.3b) 

This solution asymptotes to Taub-NUT space at p ^ —7, and has an orbifold singularity 
at p — > 00. Note that it carries no electromagnetic flux in 5 dimensions. 
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